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The following theorem has been proved by J. F. Colombeau (“Cm mappings in 
real Silva spaces and applications”): Let E be a real strong dual of a nuclear 
FrCchet space and F a FrCchet space, let u,, be an element of F, let u1 be a linear 
continuous map from E ot F and for each 71 > 2 let u, be a n-linear symmetric 
continuous map from En to F, then there exists a C* map f from E to F such 
thatf(0)=u,,f’(O)=u,,f(n)(O)= ,f u or each n (this is a generalization of a 
classical theorem of E. Borel). Using here a different proof we obtain a more 
general result (valid in a larger class of spaces E). Then we give counterexamples 
showing that the generalization of this Borel’s theorem is not always true in the 
infinite dimensional case and that our assumptions on E and F are essential. 
1. NOTATIONS AND TERMINOLOGY 
They are as classical as possible [I]; a Hausdorff locally convex space is 
denoted by “l.c. space”; if V is a convex balanced neighbourhood of the origin 
in a l.c. space E we denote by E, the normed vector space associated to the 
gauge of V and by s: E -+ E, the canonical surjection map. If F is a l.c. space 
and B a convex balanced bounded subset of F we denote by Fs the vector span of 
B, normed with the gauge of B, and by i: FB + F the canonical injection map. 
A convex balanced neighbourhood V of the origin in a l.c. space E is called 
pre-Hilbertian iff the normed space E, is a pre-Hilbert space. 
If E and F are two l.c. spaces we denote by L(E, F) the vector space of the 
linear continuous maps from E into F and by L,,,(E”, F) the vector space of the 
n-linear symmetric continuous maps from En into F. 
In a nonessential way we use in Section 3, for some examples, the concept of a 
convex bornological vector space, denoted by “b.v. space”; a b.v. space is a 
vector space, with no topology given a priori, in which there is prescribed a 
family of subsets, to so-called “bounded subsets”, which have the usual pro- 
perties of the bounded sets of a l.c. space (for example the family of the relatively 
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compact sets in a Banach space . ..). see [3, Chap. I] or [5, Chap. I] for a precise 
definition. 
The symbol 1 indicates the end of a proof. 
2. STATEMENT OF THE THEOREM 
Let E be a real l.c. space with the following properties: 
(a) E admits a basis of pre-Hilbertian neighbourhoods of the origin 
(b) for each sequence (V,JneN of neighbourhoods of the origin in E there 
exists a sequence (P~),,~ of positive real numbers such that 0% pnVn is still a 
neighbourhood of the origin in E. 
Let F be a FrCchet space. 
Let u,, E F, ur E L(E, F), u, E L&En, F) if n 3 2, be a given infinite sequence. 
THEOREM. There exists a Cm map f from E to F (in the usual dejinitim of 
calculus in l.c. spaces-see below) such that its successive derivatives at the origin 
of E are the sequence (u,&~ . 
This map f is Cm in the following sense: there exists a convex balanced 
neighbourhood V of the origin in E and a convex balanced bounded set B in F 
such that there exists a map f from E, to Fs , Cm in the usual sense of calculus 
in normed spaces, and such that the following diagram is commutative: 
The proof, given in Section 4, is a generalization of a classical constructive 
proof of the finite dimensional case [6, Chap. 11. 
For the applications advocated in [2] the restrictive assumptions are the 
assumption (b) on E and the assumption that F is a FrCchet space; these assump- 
tions are essential as it is shown by the counterexamples of Section 5. 
3. SOME SPACES E WITH THE PROPERTIES (a) AND (b) 
We first notice that the property (a) is known to be true when E is a nuclear 
l.c. space. 
If G is a nuclear FrCchet space and if Gi denotes its strong dual (GL is also 
called a nuclear Silva space), GL has the properties (a) and (b): (a) is a conse- 
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quence of the fact that it is known that the strong dual of nuclear Frtchet space 
is a nuclear l.c. space and for (b) one knows that a metrizable l.c. space has the 
first condition of countability of Mackey (that is to say for each sequence 
PL)~~N of bounded sets in G there exists a sequence (en > O)nsN such that 
un E, B, is still a bounded set in G); by polarity this condition gives the property 
(b) on G;1. Hence the theorem above contains the result of [2] stated in the 
Introduction. 
More generally if G is a nuclear b.v. space [3, p. 691 separated by its dual and 
which satisfies the first condition of countability of Mackey then its bomological 
dual GX (Gx is the vector space of the linear functions G + R which are bounded 
on each bounded subset of G), equipped with the topology of the uniform 
convergence on the bounded subsets of G, has the properties (a) and (b). 
Now we are going to see that on each Banach space E there exists a locally 
convex topology which has the properties (a) and (b) (this topology denoted by 
s(E, E’) in [4] is called in [4] “the nuclear topology of the Banach space E”). 
First, we need a definition: If G is a Banach space we denote by s(G) the 
bornology on G generated by the closed convex hulls of the rapidly decreasing 
sequences in G (these are the sequences (x,),,~ of points of G such that for 
each K E N the sequence (&c,),,~ is a null sequence in the Banach space G); it is 
known [3, pp. 85-861 that s(G) is a nuclear b.v. space. 
Now let E be an infinite dimensional Banach space, let E’ be its strong dual 
and consider the nuclear bornology s(E’). Equip E with the topology obtained 
by polarity from the bornology s(E’) (that is to say a basis of neighbourhoods of 
the origin for this new topology on E is made of the polars of the bounded sets of 
s(E’), for the duality between E and E’). Denote by s(E, E’) this topology on E: 
from the Lemma 1 below and the fact that s(E’) is a nuclear b.v. space it follows 
that s(E, E’) satisfies the properties (a) and (b). We may remark by the Lemma 2 
below that s(E, E’) is never a strong dual of a Frechet-Schwartz space and by 
the Proposition 5.4 of [4, p. 1001 that s(E, E’) never coincides with the weak 
topology u(E, E’). 
We state and prove now the two lemmas used above: 
LEMMA 1. Let G be a Banach space; then the bornology s(G) satis$es the first 
condition of countability of Mackey. 
Proof. For each n >, 1 (n E N) let ( ypn)asN be a rapidly decreasing sequence 
in G and let 
(the symbol fi denotes the closed convex balanced hull and this last equality is a 
classical property of Banach spaces). Let (en > O)nsWI be a null sequence which 
will be made precise later. The double sequence ~~~~~~~~~~~~ (and p, n > 1) is 
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arranged in a sequence (z,)eoNandQ>I in the following way: Choose zr = •~yrr, 
x2 = Ely2 1 ,..., 234-l = Elyg’,... which gives the odd terms of the sequence 
(4 ; let C&>,d, d1 be the sequence of the even terms of the sequence (z,,) 
(i.e. .za = .zza); as before choose the odd terms of (z&,~,~>~ as being the suc- 
cessive terms of the sequence (~sy~~)~~~,~~r and so on. A classical manipulation 
(based upon the fact that, given a countable family of real positive null sequences, 
there exists another sequence which converges to 0 faster than the sequences of 
the family) shows that there exists a null sequence (E,),,~ such that the sequence 
WSEN is a rapidly decreasing sequence in the Banach space G. 1 
LEMMA 2. Let E be an in$nite dimensional Banach space; then the l.c. space 
s(E, E’) is not a Silva space. 
Proof. Since s(E, E’) is intermediate between the Banach space topology of E 
and the weak topology a(& E’), (s(E, E’))’ = E’ algebraically hence the equi- 
continuous bornology on (s(E, 23’))’ (that is to say the bounded sets are the sets 
contained in the polar of a neighbourhood of 0 of s(E, E’)) is exactly the borno- 
logy s(E); hence if s(E, E’) was a Silva space the bornological topology Ts(E’) (by 
definition, a basis of neighbourhoods of the origin of Ts(E’) are the convex 
balanced bornivorous sets) would be a FrCchet-Schwartz space topology; since 
it is easy to verify that Ts(E’) is the Banach space topology of E’ and that it is 
known that an infinite dimensional Banach space is never a Schwartz space, we 
have the result. 1 
4. PROOF OF THE THEOREM 
We first give four lemmas used in the proof. 
LEMMA 3. Let E be a real pre-Hilbert space and F a Banach space, let f be an 
infinitely differentiable map from E to F such that f ci’(0) = 0 if 0 < i < m; 
then for each E > 0 there exists an infkitely diflerentiable map g from E to F such 
that g is zero in a neighbourhood of 0 in E and that 
where 11 II,,(E6,F) denotes the strong operator norm in the space Li(Ei, F) of the 
i-multilinear continuous maps from Ei to F. 
Proof. Let I 1 denote the pre-Hilbertian norm on E; then there exists a 
function 7 from E to R, 7 E Cm(E, W), T(X) > 0 Vx E E, q(x) = 0 if 1 x 1 <&, 
v(x) = 1 if / x 1 >, 1 and 
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(if 8 denotes a f unction having the same properties in the case E = R’, choose 
44 = 4 32 I”))* 
If 8 > 0 let g&c) = +/S)j(x): g is in Cm(E, F) and g is 0 in a neighbourhood 
of 0 in E. In order to prove the lemma we are going to show that: 
Note that g*(x) = j(x) if 1 x 1 > S hence: 
By hypothesis j(“)(O) = 0 hence 
y8 llfwl~*(~‘,F) -+ 0 if ~-PO andif O<i.<m. (3) 
z\ 
g:‘(x) = c ciy(s)-” 7y) (-g j’“‘(x) 
utv=i 
where C,” = _i!L 
v!(z - v)! 
If 
then 
M = max C,“M, 
O<V<i 
0<igln 
II ‘@(~)IIL*(E’:F) G M c WY llf~PY414~~u;~~ . 
u+v=i 
Since j(U+‘)(0) = 0 if j < m - /I 
Hence 
Since I* + v = i < m 
pva II &)(~)IIL,(&.F) - 0 if S--+0 and 0 <i < m. (4) 5, 
Now (1) follows from (2), (3) and (4). 1 
Let u. EF, u1 E L(E, F), for each i > 2 u1 E L&E”; F), be a given infinite 
sequence. 
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LEMMA 4. There exists an f in Cm(E, F) such that for each i E N, 
if ‘i’(O) = ui . 
Proof. Let T,(x) = & szsm u,(xi) (we note ~~(9) for U&V,..., x)). T,+I(x) - 
T,(x) = u,+Jxn2+l) h ence (T,+l - T,Jz) (0) = 0 if 0 < i < m hence by the 
Lemma 3 there exists g, in Cm(E, F), which is zero in a neighborhood of 0 in E 
and such that: 
Let f(x) = T,, + ~~~, (T,+I(x) - T,(x) - g,(x)); from a classical result 
of calculus in Banach spaces it follows that f is in C”(E, F) and since 
Crnai (T,+l(x) - T,(x) - g,(x)) has all its jth derivatives with 0 < j < i null 
at the origin of E then 
f(L)(O) = [To + ‘c’ (T,+l(x) - T,(x) - gm(x))]‘i) (x = 0) 
m=n 
fti’(0) = 1 [T,(x) - T g,(x)lci’ (x = O)! = Tf’(O) = i!u, . 1 
?lZ=O 
LEMMA 5. Let E be a real l.c. space, V a convex balanced neighbourhood of 0 
in E such that the associated normed space E, is a pre-Hilbert space; let F be a 
Banach space and let u0 E F, u1 E L(E, F), Vi 3 2 ui E L,,JEi; F), be a given injnite 
sequence such that, for each i >, 1, ui( Vi) is a bounded set in F; then there exists an f  
in Cm(E, F) (according to a lot of usual defkitions of calculus in l.c. spaces) such 
that for each i E N 
$f (O(O) = u, . 
Proof. Since ui is bounded in (V)i the quotient map zii exists: 
where s is the canonical surjection and zi, gLi,J(EV)i; F). Apply now the 
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Lemma 4 with Ev , F and the sequence (zi&: there exists an f in Cm(E,; F) 
such that Vi, f (i)(O) = i!& . According to the diagram: 
define f = f 0 s; then f E Cm(E, F) and (l/i!) f(“)(O) = ui . 
We are now in the hypotheses of the theorem: 
LEMMA 6. Each ui is bounded on a neaghbourhood of 0 of(E)“. 
Proof. Let (W,),,, be a basis of neighbourhoods of 0 in F, since ui is con- 
tinuous from (E)* to F: for eachp E N there exists a neighborhood of 0, V, , in 
E such that 
Let ~-QJ,~N , CL~ > 0, be such that I’ = &, p9VcI, is still a neighbourhood of 0 
in E (hypothesis (b) on E). Then, since 
ui[( VP] C 0, (ps)i W, hence ui[( V)i] is a bounded set in F (since ( W&,EN 
is a basis of neighbourhoods of the origin in F). 1 
Proof of the theorem. Since the sequence (un) is given, by Lemma 6, there 
exists a sequence ( V,JnsN--(,,) of neighbourhoods of 0 in E and a sequence 
Pn)na of bounded sets in F such that 
uo E Bo andif n>l ~,WnN C &z . 
From the hypothesis (b) on E there exists a sequence pn > 0 such that 
n,, p,V,, is a neighbourhood of 0, denoted by V, of E hence, Vn > 1, u,( V”) C 
(p,,)” B, . Since F is a FrCchet space it satisfies the first condition of countability 
of Mackey, hence there exists a sequence (Ed > O)nEN such that Unso E,B, is a 
bounded set of F; let B denote a convex balanced bounded set of F such that 
U a>o E,,B,, C B and that the normed space FB spanned by B and normed with 
the gauge of B is a Banach space; then u0 E FB and Vn, u,( Vn) is a bounded set 
ofF,. 
From the hypothesis (a) on E we may choose for V a pre-Hilbertian neigh- 
bourhood: of 0 hence considering E, V, the Banach space Fe and the sequence 
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w4ndv we are in the hypothesises of the Lemma 5 hence we have the following 
diagram 
from which it follows that f is Ce according to a lot of definitions of Calculus in 
l.c. spaces. 1 
5. COUNTEREXAMPLES SHOWING THAT THIS GENERALIZATION OF A BOREL’S 
THEOREM IS NOT ALWAYS TRUE IN THE INFINITE DIMENSIONAL CASE 
We give two counterexamples showing that the two restrictive assumptions 
advocated at the end of Section 2 are essential. 
FIRST COUNTEREXAMPLE (showing that the assumption that F is a FrCchet 
space is essential). 
Let Q be an open set in Iw” and let 9(Q) denote as usual the classical L. 
Schwartz’s space of the C” functions from 52 to R with compact support; if 
(K,) denotes an exhaustive sequence of compact subsets of Q, using the classical 
notations and terminology, 9(G) is the strict inductive limit of the sequence of 
Frechet spaces BE, . More generally let F be a real 3’9 space (in the terminology 
of [I]) which is not a FrCchet space: By definition F is the strict inductive limit 
of an increasing sequence of FrCchet spaces F,; each F, is a closed subspace of 
F and it is known ([I]) that each bounded subset of F is contained and bounded 
in some F, . 
Let (u,J be an infinite sequence of elements of F such that: for each n, u, is in 
F,, and not in F,-, . 
PROPOSITION 1. There does not exist any Cm map f: IF! -+ F (at least in the 
usual senses of calculus) such that, for each n, f(n)(O) = u, . 
Proof. From the following lemma such a f would be Cm from ] - 1, + 1 [ to 
some Banach space FB where B is a bounded subset of F hence ftfl)(0) would be 
in F, for each n; but Fs is contained in some F,,, and then the sequence (u,) 
would be contained in this Fn, . 1 
LEMMA 7. Let f  be a Cm map from R to F (in any usual sense) then there exists a 
convex balanced bounded subset B of F such that the restriction off to the open 
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interval ] - 1, + I[ is Cm with values in the normed space FB (in the usual Frkchet 
sense of calculus in normed spaces). 
Proof. For each n E N there exists a convex balanced bounded subset B, 
of F such that f(“)([- 1, + 11) C B, since f (*) is continuous from R to F; B, C Fn, 
for some n, (as already indicated); 
f’ca> = 2% f(a + h) -f(a) h 
hencef’(a) is in Fn, if a is in l-1, +l[ b ecause Fn, is a closed subspace of F; 
hence f’(]-1; +l[) CF”, . An immediate recurrence shows that, for each n, 
f’“‘(l-1, +lE> CF,,; hence f(“)(] - 1, + I[) C B, n F”, = b, . Since b, may 
be chosen closed in the space F, the mean value theorem [3, p. 1421 shows that 
f cn) is differentiable from ]- 1, + l[ to the normed space (F,&,+, = Fb,+z; 
since F”, is a FrCchet space there exists a sequence (en > 0) such that Un l b, is 
a bounded subset of Fn, . If B is a convex balanced bounded subset of F,,, such 
that Un crib, C B, then f is Cz from ]- 1, +I [ to the normed space FB . 1 
SECOND COUNTEREXAMPLE (showing that the assumption (b) on the l.c. space 
E is essential). 
Let E be the countable topological product RN and let F = R; let 
u, E L,,,(E”; F) be defined by: 
~,W4d9 = (x,>n if n > 0. 
We denote by C”(R”, R) the vector space of the maps f from R” to R which 
are Cm in the following sense: for each convex balanced compact subset K of 
R”, the restriction off to the normed space (Iw”), (spanned by K and normed 
with the gauge of K) is Cm in the usual sense of calculus in normed spaces. 
PROPOSITION 2. There does not exist any f in C=( RN; 52) such that, for each n, 
f(n)(O) = 21, . 
Proof. Let us assume that such an f exists and let f, denote the restriction off 
to the one dimensional vector subspace 
(0) x .‘. x (0) x !R x (0) x ... 
V’ 
qtimes 
of RN; then f, is in Cm( R; W) and f:)(O) = 1. It is easy to prove that f’ is 
continuous from RN to (RN)’ = IF! tN). Let B = {(x&~ E RN such that 1 xi 1 < 1 
for each index i>. B is compact in RN hence f ‘(B) is a bounded subset of R(N). A 
bounded subset of [w’“) is of the type: 
= {&),eN E tR(“) such that 1 5, j < Q if 0 < 4 < n, and & = 0 if Q > n,}. 
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Now remark that each f, (with q # 0) is not constant on l-1, +l[ hence there 
exists aq E ] - 1, + I [ such that f :(a@) # 0; let 
then 
x, = (0, 0 ,...) 0, aq ) 0 ,...) E UP; 
- 
qtimes 
f'W K&)&N) =fX4 &I + ,& %Ei. 
Since, for each q, f L(a,J # 0, the set {f ‘(xJ),,EIBI is not contained in any b(n, , 7s) 
and since (x,&~ C B there is a contradiction. 1 
Remark on these two counterexamples. With the particular choices of spaces E 
and F above most of the various definitions of CQ maps from E to F coincide with 
the definitions that we have chosen; the interest of these counterexamples comes 
from the fact that these definitions are not at all restrictive. 
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